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The possibility of the 8He and 9Li clusters in atomic nuclei is discussed. Until now most of
the clusters in the conventional models have been limited to the closures of the three-dimensional
harmonic oscillators, such as 4He, 16O, and 40Ca. In the neutron-rich nuclei, however, the neutron
to proton ratio is not unity, and it is worthwhile to think about more neutron-rich objects with
N > Z as the building blocks of cluster structures. Here the nuclei with the neutron number
six, which is the subclosure of the p3/2 subshell of the jj-coupling shell model, are assumed to be
clusters, and thus we study the 8He and 9Li cluster structures in 16Be (8He+8He), 17B (8He+9Li),
18C (9Li+9Li), and 24C (8He+8He+8He). Recent progress of the antisymmetrized quasi cluster
model (AQCM) enables us to utilize jj-coupling shell model wave functions as the clusters rather
easily. It is shown that the 8He+9Li and 9Li+9Li cluster configurations cover the lowest shell-model
states of 17B and 18C, respectively. To predict the cluster states with large relative distances, we
increase the expectation value of the principal quantum numbers by adding the nodes to the lowest
states under the condition that the total angular momentum is unchanged (equal to Jpi = 0). As
a result, developed cluster states are obtained around the corresponding threshold energies. The
rotational band structure of 24C, which reflect the symmetry of equilateral triangular configuration
(D3h symmetry) of three
8He clusters, also appears around the threshold energy.
I. INTRODUCTION
The 4He nuclei have been known as α clusters, which
can be subsystems in some of light nuclei [1, 2]. The bind-
ing energy of 4He is quite large in the light mass region,
and on the contrary, the relative interaction between 4He
nuclei is weak. Therefore each 4He can be considered as
a subunit called α cluster. The candidates for α cluster
structures have been discussed for many years [3], includ-
ing the second 0+ state of 12C with a developed three-α
cluster structure called Hoyle state [4].
In most of the conventional cluster models, the clusters
have been limited to the closure of the three-dimensional
harmonic oscillator, such as 4He, 16O, and 40Ca, where
the contribution of the non-central interactions (spin-
orbit and tensor interactions) vanishes. However, in
the nuclear systems, the symmetry of the jj-coupling
shell model is more important, where the contribution
of the spin-orbit interaction breaks the symmetry of the
three-dimensional hoarmonic oscillator, and the subclo-
sure of j-upper shells, f7/2, g9/2, and h11/2, is essential
in explaining the observed magic numbers of 28, 50, and
126 [5]. Indeed this spin-orbit interaction is also known as
a driving force in breaking the α clusters [6]. Therefore,
it would be meaningful to extend the traditional defini-
tion of the clusters; different objects could be candidates
for the clusters.
Now we focus on the neutron-rich nuclei, which have
been the main subject of nuclear structure physics for
decades. In neutron-rich nuclei, the ratio of proton num-
ber and neutron number deviates from unity. Therefore,
it is worthwhile to consider neutron-rich clusters whose
neutron numbers correspond to the subclosure of the j-
upper orbits of the jj-coupling shell model, where the
spin-orbit interaction works attractively. Here we dis-
cuss the possibility that nuclei with the neutron number
six, which is the subclosure of the j-upper shell, p3/2,
can be clusters. Previously we have discussed the possi-
bility of 14C cluster as building blocks of medium-heavy
nuclei [7], whose proton number (six) corresponds to the
subclosure of p3/2. As the next step, we show the pos-
sibility of the 8He (two protons and six neutrons) and
9Li (three protons and six neutrons) cluster structures
in 16Be (8He+8He), 17B (8He+9Li), 18C (9Li+9Li), and
24C (8He+8He+8He).
It has been studied that Be isotopes are well described
as two α clusters with valence neutrons. Here, the
molecular-orbit structure of the valence neutrons, where
each valence neutron rotates not around only one α clus-
ter but around two α clusters, has been found to be
important [8–14]. Thus 4He+6He and 5He+5He config-
urations mix for instance in 10Be. However, it is also
known that some of the excited states of 12Be has not
the molecular-orbit but the atomic-orbit structure of the
6He+6He or 4He+8He configuration [13, 15, 16], where
each valence neutron sticks to one of the α clusters. It
should be stressed that the appearance of both molecu-
lar and atomic-orbit structures in Be isotopes including
16Be has been systematically studied with generalized
two-center cluster model (GTCM) [17]. In the present
study, we treat 8He as a cluster based on the atomic-
orbit picture and go beyond the Be isotopes.
The nucleus 8He is the dripline nucleus of the He iso-
topes and has a neutron-halo structure. The valence
neutrons are known to have an intermediate character
of di-neutron structure and independent particle mo-
2tion [18, 19]. Nevertheless, the two-neutron separation
energy of 2.12 MeV is larger than that of 6He (0.98 MeV),
and here we simplify it with the jj-coupling shell model
configuration with the 4He core and consider this nucleus
as a subunit.
We also introduce 9Li cluster and discuss 17B
(8He+9Li) and 18C (9Li+9Li). The neutron separation
energy of 9Li is 4.06 MeV and not very large, but this is
larger than 8He and various 9Li+n+n models have been
applied to 11Li so far [20]. Although the structure of
9Li itself is a subject to be carefully investigated, here
we simplify it as a cluster using the lowest shell-model
configuration as in the 8He case and discuss the cluster
structure in the heavy nuclei. The two-center-like defor-
mation was predicted in 17B with the 8He+9Li configu-
ration [21], and we further investigate the appearance of
more developed cluster states around the threshold en-
ergy.
Recently, the wave functions of the jj-coupling shell
model can be easily prepared by starting with the cluster
model. Indeed, the antisymmetrized quasi cluster model
(AQCM) proposed in Refs. [7, 22–32] allows smooth
transformation of the cluster model wave functions to the
jj-coupling shell model ones, as well as the incorporation
of the effects of the spin-orbit interaction, which is absent
in many of the traditional α cluster models. Therefore,
now we can utilize jj-coupling shell model wave functions
as the building blocks of the cluster structure. In this ar-
ticle, we introduce 8He and 9Li clusters using AQCM.
In this paper, we discuss that the 8He+9Li and 9Li+9Li
cluster configurations cover the lowest shell-model states
of 17B and 18C, respectively. Also we show the appear-
ance of developed cluster states around the correspond-
ing threshold energies by orthogonalizing to the lowest
states. In addition, the rotational band structure of 24C,
which reflect the symmetry of equilateral triangular con-
figuration (D3h symmetry) of three
8He clusters, will
be presented. Although these cluster states are above
the neutron-threshold energies, they appear around the
cluster-threshold energies.
This paper is organized as follows. The framework
of AQCM is described in Sec. II. The results are shown
in Sec. III, where 8He+8He structure in 16Be, 9Li+8He
structure in 17B, 9Li+9Li structure in 18C, and three 8He
structure in 24C are discussed in A., B., C., and D.,
respectively. The conclusions are presented in Sec. IV.
II. FRAMEWORK
A. wave function
We analyze the 8He and 9Li cluster structures within
the framework of AQCM. The neutrons of these clusters
correspond to the subclosure of p3/2 in the jj-coupling
shell model, which can be easily prepared starting from
the cluster model; AQCM allows the smooth transfor-
mation of the cluster model wave functions to the jj-
coupling shell model ones.
In AQCM, each single particle is described by a Gaus-
sian form as in many other cluster models including the
Brink model [1],
φ =
(
2ν
pi
) 3
4
exp
[
−ν (r − ζ)
2
]
χ, (1)
where the Gaussian center parameter ζ is related to the
expectation value of the position of the nucleon, and χ is
the spin-isospin part of the wave function. For the size
paremeter ν, here we use ν = 0.23 fm−2.
The Slater determinant ΦSD is constructed from these
single particle wave functions by antisymmetrizing them,
which is projected to the eigen states of the angular mo-
menta by numerical integration,
ΦJMK =
2J + 1
8pi2
∫
dΩDJMK
∗
R(Ω)ΦSD. (2)
Here DJMK is Wigner D-function and R(Ω) is the rota-
tion operator for the spatial and spin parts of the wave
function. This integration over the Euler angle Ω is nu-
merically performed.
Next we focus on the Gaussian center parameters {ζ}.
As in other cluster models, here four single particle wave
functions with different spin and isospin sharing a com-
mon ζ value correspond to an α cluster. This cluster wave
function is transformed to jj-coupling shell model based
on the AQCM. When the original value of the Gaussian
center parameter ζ is R, which is real and related to
the spatial position of this nucleon, it is transformed by
adding the imaginary part as
ζ = R+ iΛespin ×R, (3)
where espin is a unit vector for the intrinsic-spin orienta-
tion of this nucleon. The control parameter Λ is associ-
ated with the breaking of the cluster, and with a finite
value of Λ, the two nucleons with opposite spin orien-
tations have the ζ values, which are complex conjugate
with each other. This situation corresponds to the time-
reversal motion of two nucleons.
For the description of 8He, at first, di-nucleon clusters
are prepared; in each di-nucleon cluster, two nucleons
with opposite spin and same isospin are sharing a com-
mon value for the Gaussian center parameters. For the
proton part, one di-proton cluster is placed at the origin,
which corresponds to the lowest (0s)2 configuration of the
shell-model. For the neutron part, three di-neutron clus-
ters with equilateral triangular configuration and small
distance (R) between them are introduced, and the imag-
inary parts of the Gaussian center parameters are given
by setting Λ = 1 in Eq. (3), which correspond to the
subclosure of the p3/2 shell [22, 27]. In the actual cal-
culations, R is set to 0.1 fm. This 8He cluster is the
eigen state of Jpi = 0+, and projection of the total angu-
lar momentum of the total system just gives the orbital
angular momentum of the relative motion in the case of
16Be (8He-8He).
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FIG. 1. Expectation value for the principal quantum number
of the harmonic oscillator (n) for the 0+ state of 16Be as a
function of the distance between two 8He clusters. Dotted
and dashed lines are results for the protons and neutrons,
respectively.
For 9Li, one more proton in the p3/2 orbit is added.
The Gaussian center parameter of the proton in the p3/2
orbit is introduced in the following way. The proton is
placed with a small x component (R = 0.1 fm), and the
y component is given following Eq. (3), where the spin
orientation is defined along the z axis (corresponding to
spin-up or spin-down proton). This 9Li cluster is the
eigen state of Jpi = 3/2−.
For the calculations of 16Be, 17B, and 18C, we transla-
tionally shift the Gaussian center parameters of the 8He
and 9Li clusters and place them on the z axis. For 24C,
three 8He clusters are placed to have an equilateral tri-
angular shape.
B. Hamiltonian
The Hamiltonian consists of the kinetic energy and po-
tential energy terms. The potential energy has central,
spin-orbit, and Coulomb parts. For the central part, the
Tohsaki interaction (F1 parameter set) [33] is adopted,
which has finite range three-body nucleon-nucleon inter-
action terms in addition to two-body terms. This interac-
tion is designed to reproduce both saturation properties
and scattering phase shifts of two α clusters. For the
spin-orbit part, that of the G3RS interaction [34], which
is a realistic interaction originally developed to reproduce
the nucleon-nucleon scattering phase shifts, is adopted.
The combination of these two has been investigated in
detail in Refs. [31, 32].
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FIG. 2. Energy curves for 16Be measured from the two-
8He threshold as a function of the distance between two 8He
clusters. Solid, dotted, and dashed lines correspond to the
0+, 2+, and 4+ states, respectively.
III. RESULTS
A.
8
He+
8
He cluster structure in
16
Be
We start the discussion with the 8He+8He cluster
structure in 16Be. The dripline nucleus of the Be iso-
topes is 14Be, thus 16Be is located outside the neutron
dripline. Experimentaly, the two-neutron separation en-
ergy is −1.35 MeV (unbound), but the ground state is
lower than the 8He+8He threshold by 5.77 MeV.
First, we show that the 8He+8He model space covers
the lowest shell-model configuration of 16Be. The ex-
pectation value for the principal quantum number of the
harmonic oscillator (n) for the 0+ state of 16Be is shown
in Fig. 1 as a function of the distance between two 8He
clusters. The dotted and dashed lines represent the re-
sults for the protons and neutrons, respectively, which
converge to 2 and 14 at small relative distances. These
values agree with the ones for the lowest shell-model con-
figuration; for the protons, two are in the lowest 0s-shell
and two are in the p-shell (2 × 1 = 2), and for the neu-
trons, two are in the lowest 0s-shell, six are in the p-shell,
and four are in the sd-shell (6× 1 + 4× 2 = 14). There-
fore, the lowest shell-model configuration is included in
the model space. With increasing the relative distance
between the two 8He clusters, the components of higher
shells mix, and the n value rapidly increases.
Next, the energy curves for 16Be measured from the
two-8He threshold is shown in Fig. 2 as a function of
the distance between two 8He clusters. The solid, dot-
ted, and dashed lines are the results for the 0+, 2+, and
4+ states, respectively. It can be seen that the optimal
energy for the 0+ state is obtained with the relative dis-
tance of ∼ 3 fm. This means that the lowest energy is
obtained not at the limit of the shell-model, and clus-
tering is found to be important, which is indeed higher
shell mixing in terms of the shell model. Although we
do not have adjustable parameters, the lowest energy is
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FIG. 3. Energy for the 3/2− state of 17B measured from
the 9Li-8He threshold as a function of the distance between
9Li and 8He (dashed line). Energy curve for the 3/2− state
orthogonal to the state having the optimal distance of 3 fm
(solid line).
close to the experimental binding energy of 5.77 MeV.
Despite this binding energy, which is enough large, the
optimal distance is large owing to the Pauli blocking ef-
fect at short relative distances between two 8He clusters,
and developed cluster structure appears. For the 2+ and
4+ states, the optimal distances are slightly larger than
the one for the 0+ state due to the centrifugal force.
B.
9
Li+
8
He cluster structure in
17
B
We add one proton and show the result of 9Li-8He clus-
ter configuration in 17B. The dashed line in Fig. 3 shows
the energy for the lowest 3/2− state of 17B measured
from the 9Li-8He threshold as a function of the distance
between 9Li and 8He. Experimentally, the 17B nucleus is
bound from the 9Li+8He threshold by 12.86 MeV. It is
not perfect but the obtained lowest energy is fairly close
to this value. Similarly to the 8He+8He case, despite this
large binding energy, the relative distance at the optimal
energy is also large owing to the Pauli blocking effect at
short relative distances between the two clusters. In this
calculation, 9Li and 8He clusters are placed on the z-
axis, while the last proton in 9Li stays on the perpendic-
ular plane, and there is no additional excitation to higher
shells for this proton when the 8He cluster approaches.
Therefore, again the lowest shell-model configuration of
17B is included in the model space.
The energy curve for the 3/2− state orthogonal to the
lowest state (relative distance of 3 fm) is shown as the
solid line. It is intriguing to see that the energy minimum
point appears around the threshold energy with a very
large relative distance of 4 fm. The appearance of very
developed cluster structure around the threshold is ex-
pected, and adding neutrons to this state and investigat-
ing the molecular-orbital structure would be performed
in the near future.
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FIG. 4. Energy for the 0+ state of 18C measured from
the two-9Li threshold as a function of the distance between
two 9Li clusters (dashed line). Energy curve for the 0+ state
orthogonal to the state having the optimal distance of 2.5 fm
(solid line).
C.
9
Li+
9
Li cluster structure in
18
C
For 18C, we introduce a 9Li+9Li model. Here the spin
directions of the valence protons in two 9Li clusters are
introduced to be anti-parallel, and two valence protons
occupy the time-reversal orbits. Thus again the model
space covers the lowest shell-model configuration of 18C.
The dashed line in Fig. 4 shows the energy for the lowest
0+ state of 18C measured from the two-9Li threshold as
a function of the distance between two 9Li clusters. The
optimal energy is obtained around the relative distance
of 2.5 fm. Experimentally, the ground state of 18C is
lower than the two-9Li threshold by 24.99 MeV. Again,
although we do not use any adjustable parameter, the
obtained optimal energy is fairly close to this value.
The solid line in Fig. 4 shows the energy curve for the
0+ state orthogonal to the lowest state with the relative
distance of 2.5 fm. Again, the appearance of the signifi-
canly clusterized state around the threshold energy with
the relative distance of ∼ 4 fm is expected. The intrin-
sic densities of this state on the xz-plane (y = 0) with
the relative distance of 4 fm are represented by Fig. 5(a)
and Fig. 5(b) for protons and neutrons, respectively. As
a future work, adding neutrons to this state would be
interesting.
D. three
8
He cluster structure in
24
C
Finally, we discuss the three 8He cluster structure in
24C. The dripline nucleus of the C isotopes is 22C and
hence 24C is beyond the neutron dripline. Neverthe-
less, the three-8He states are shown to appear around
the threshold energy. First, we show that the three 8He
configuration with the equilateral triangular configura-
tion covers the model space of the lowest shell-model.
The expectation value for the principal quantum number
5D E
FIG. 5. Intrinsic density of 9Li-9Li with the relative distance
of 4 fm on the xz-plane (fm−3). (a): protons, (b): neutrons.
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FIG. 6. Expectation value for the principal quantum number
of the harmonic oscillator for the 0+ state of 24C with the
equilateral triangular configuration of three 8He clusters as
a function of the distance between two 8He clusters. Dotted
and dashed lines correspond to the result for the protons and
neutrons, respectively.
of the harmonic oscillator for the 0+ state of 24C with the
equilateral triangular configuration of three 8He clusters
is shown in Fig. 6 as a function of the distance between
two 8He clusters. Here the dotted and dashed lines rep-
resent the results for the protons and neutrons, respec-
tively. They converge to 4 and 26 at small relative dis-
tances, respectively. These values are ones for the lowest
shell-model configuration; for the protons, two are in the
lowest 0s-shell and four are in the p-shell (4×1 = 4), and
for the neutrons, two are in the lowest 0s-shell, six are in
the p-shell, and ten and in the sd-shell (6×1+10×2 = 26).
Therefore, surprisingly enough, the lowest shell-model
configuration of 24C is included within the three-8He
model with an equilateral triangular configuration. How-
ever, experimentally, the three-8He threshold is located
quite high (more than Ex = 25 MeV) in the excitation
energy, thus the three-8He configuration corresponds to
a highly excited state.
In Fig, 7, the energy curves of 24C with the equilateral
triangular configuration of three 8He clusters measured
from the three-8He threshold are shown as a function
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FIG. 7. Energy curves of 24C with the equilateral triangular
configuration of three 8He clusters measured from the three-
8He threshold as a function of the distance between two 8He
clusters. (a): positive-parity K = 0 band, 0+, 2+, and 4+,
and (b): negative-parity K = 3 band, 3−, 4−, and 5−.
of the distance between two 8He clusters. Here Fig. 7(a)
displays the result for the positive-parity states withK =
0 (0+, 2+, and 4+), and those for the negative-parity
states with K = 3 (3−, 4−, and 5−) can be found in
Fig. 7(b). We can see that both bands appear around the
three-8He threshold energy with large relative distance.
It has been known that if the system has the equilateral
triangular configuration (D3h symmetry), both K = 0
(0+, 2+, 4+ · · · ) and K = 3 (3−, 4−, 5− · · · ) rotational
bands are possible. The appearance of these rotational
bands has been extensively discussed in 12C [35], which
is the signature of the equilateral triangular symmetry of
the three α clusters. Now the α clusters are replaced with
the 8He clusters and what we discuss here is considered
to be the neutron-rich version of the D3h symmetry.
The energy eigen states of the three-8He cluster states
are obtained by superposing the Slater determinants
with different relative distances and diagonalizing the
Hamiltonian based on the generator coordinate method
(GCM). The rotational band structure of three-8He con-
figuration is shown in Fig. 8, where the solid and dashed
lines correspond to the result for K = 0 (positive-parity,
0+, 2+, 4+ · · · ) and K = 3 (negative parity, 3−, 4−,
5− · · · ) bands, respectively. Two rotational band struc-
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FIG. 8. Rotational band structure of three-8He configura-
tion. Solid and dashed lines are the results for the K = 0
(positive-parity, 0+, 2+, 4+ · · · ) and K = 3 (negative parity,
3−, 4−, 5− · · · ) bands, respectively.
tures appear around the threshold energy and they have
similar slopes as a function of J(J + 1).
IV. CONCLUSIONS
Most of the conventional clusters, so far investigated,
have been limited to the closure of the three-dimensional
harmonic oscillator, such as 4He, 16O, and 40Ca. Here
we discussed the possibility that nuclei with the neu-
tron number six, which is the subclosure of the p3/2 sub-
shell of the jj-coupling shell model, can be clusters; the
8He and 9Li cluster structures have been investigated in
16Be (8He+8He), 17B (8He+9Li), 18C (9Li+9Li), and 24C
(8He+8He+8He).
We have shown that the lowest principal quantum
numbers of 16Be, 17B, 18C, and 24C can be covered within
this model. We have just adopted Tohsaki interaction,
which has finite-range three-body terms, and there is no
adjustable parameter in the Hamiltonian. Nevertheless
the optimal energies of these nuclei measured from the
corresponding threshold energies are fairly close to the
experimental values. By orthogonalizing the wave func-
tions to the lowest states, very developed cluster states
were obtained around the corresponding threshold ener-
gies in 17B and 18C.
The appearance of K = 0 (0+, 2+, 4+ · · · ) and K = 3
(3−, 4−, 5− · · · ) rotational bands has been extensively
discussed in 12C [35], which is the proof for the equilat-
eral triangular symmetry of the three α clusters. In this
study, we have replaced the α clusters with the 8He clus-
ters and shown the neutron-rich version of the rotational
band structures for the configuration reflecting the D3h
symmetry. The energy eigen states of the three-8He clus-
ter states are obtained by superposing the Slater determi-
nants with different relative distances and diagonalizing
the Hamiltonian. The two rotational band structures of
three-8He configuration appear around the threshold en-
ergy and they have similar slopes as a function of J(J+1).
As future works, the appearance of the molecular-
orbital structure will be studied by adding neutrons to
the developed cluster states obtained here in 17B and
18C. Also, we investigate the role of the obtained cluster
states, including resonances above the cluster emission
threshold around the Gamow window, in the nuclear re-
actions including the Big Bang nucleosynthesis.
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